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BOUNDEDNESS OF THE BASE VARIETIES OF CERTAIN
FIBRATIONS
ZHAN LI
Abstract. It is conjectured that the base varieties of the Iitaka fibra-
tions are bounded when the Iitaka volumes are bounded above. We
confirm this conjecture for Iitaka ǫ-lc Fano fibrations.
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1. Introduction
Throughout this paper, we work with varieties defined over complex num-
bers.
By analogy with the definition of volumes of divisors, the Iitaka volume
of a Q-Cartier divisor is defined as follows.
Definition 1.1 (Iitaka volume). Let X be a normal projective variety and
D be a Q-Cartier divisor. When the Iitaka dimension κ(D) of D is non-
negative, then the Iitaka volume of D is defined to be
(1.0.1) Ivol(D) = Ivol(X,D) := lim sup
m→∞
κ(D)!h0(X,OX (⌊mD⌋))
mκ(D)
.
When κ(D) = −∞, then we put Ivol(D) = 0.
We study the following problem on the boundedness of base varieties
of Iitaka fibrations with fixed (or bounded) Iitaka volumes. For relevant
definitions and properties of singularities of pairs, boundedness, Iitaka di-
mensions/fibrations, DCC/ACC property of sets, etc. see Section 2.
Conjecture 1.2. Let d ∈ N, v ∈ R>0 be fixed numbers, and I ⊂ [0, 1] ∩ Q
be a DCC set. Let S(d, v,I) be the set of varieties Z satisfying the following
properties:
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(1) (X,B) is klt with dimX = d, and coefficients of B are in I,
(2) Ivol(KX +B) = v, and
(3) f : X 99K Z is the Iitaka fibration associated with KX +B, where
Z = Proj⊕∞m=0H
0(X,OX (⌊m(KX +B)⌋)).
Then S(d, v,I) is a bounded family.
WhenKX+B is big, that is, Ivol(KX+B) = vol(KX+B) > 0, Conjecture
1.2 is proved by [HMX18, Theorem 1.1]. For variants of this conjecture, see
Section 4.
Our main result is about the boundedness of the base varieties with fur-
ther assumptions on singularities of (X,B) and the Iitaka fibrations (such
fibration is birational to an ǫ-lc Fano type fibration (see Definition 2.2)).
Theorem 1.3. Let d ∈ N, ǫ, v ∈ Q>0 be fixed numbers, and I ⊂ [0, 1]∩Q be
a DCC set. Let F(d, ǫ, v,I) be the set of varieties Z satisfying the following
properties:
(1) (X,B) is ǫ-lc with dimX = d, and coefficients of B are in I,
(2) 0 < Ivol(KX +B) < v,
(3) f : X 99K Z is the Iitaka fibration associated with KX +B, where
Z = Proj⊕∞m=0H
0(X,OX (⌊m(KX +B)⌋)), and
(4) B is big over the generic point ηZ of Z.
Then F(d, ǫ, v,I) is a bounded family.
The assumption in (4) means that for any birational morphism g : X ′ →
X which resolves f , g−1∗ B + Exc(g) is big over ηZ . Here g
−1
∗ B is the strict
transform of B and Exc(g) is the sum of reduced exceptional divisors of g.
Notice that we impose the strong assumption that B is big over Z. This
implies that general fibers of f is birationally bounded ([HX15, Theorem 1.3],
[Bir16, Theorem 1.1]). However, it is desirable to obtain the boundedness
of the base varieties regardless of the fibers.
[Jia18] and [Bir18] studied similar fibrations (called (d, r, ǫ)-Fano type
fibrations, see Definition 2.3) where the boundedness of Z is built in the
definition. They show the boundedness of the total space under certain
assumptions.
Theorem 1.4 ([Bir18, Theorem 1.3]). Let d, r be natural numbers and ǫ, δ
be positive real numbers. Consider the set of all (d, r, ǫ)-Fano type fibrations
(X,B)→ Z and R-divisors 0 ≤ ∆ ≤ B whose non-zero coefficients are ≥ δ.
Then the set of such (X,∆) is log bounded.
To compare Theorem 1.3 with Theorem 1.4, we note that Theorem 1.3 is
about the boundedness of the base variety Z, while Theorem 1.4 is about
the boundedness of the total space (X,∆) assuming the boundedness of the
base variety Z. Combining the two results, we have the following corollary.
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Corollary 1.5. Let d ∈ N, ǫ, v ∈ Q>0 be fixed numbers, and I ⊂ [0, 1] ∩ Q
be a DCC set. Let S(d, ǫ, v,I) be the set of log pairs (X,B) satisfying the
following properties:
(1) (X,B) is ǫ-lc with dimX = d, and coefficients of B are in I,
(2) KX +B is semi-ample with Ivol(KX +B) < v,
(3) f : X → Z is the Iitaka fibration associated with KX +B, where
Z = Proj⊕∞m=0H
0(X,OX (⌊m(KX +B)⌋)), and
(4) B is big over the generic point ηZ of Z.
Then S(d, ǫ, v,I) is a log bounded family.
The distribution of Iitaka volumes is closely related to the above bound-
edness property. By analogy with [Ale94, Kol94, HMX14], we propose the
following conjecture.
Conjecture 1.6. Let d ∈ N be a fixed number, and I ⊂ [0, 1]∩Q be a DCC
set. Then the set of Iitaka volumes
{Ivol(KX +B) | (X,B) is klt, dimX = d, and coefficients of B are in I}
is a DCC set.
For volumes of KX + B, this conjecture follows from [HMX14, Theorem
1.3 (1)] which was originally conjectured by Alexeev and Kolla´r. We also
show Conjecture 1.6 under certain boundedness of fibers.
Corollary 1.7. Let d ∈ N, ǫ ∈ Q>0 be fixed numbers, and I ⊂ [0, 1]∩Q be a
DCC set. Let D(d, ǫ,I) be the set of log pairs (X,B) satisfying the following
properties:
(1) (X,B) is ǫ-lc with dimX = d, and coefficients of B are in I,
(2) f : X 99K Z is the Iitaka fibration associated with KX + B (if it
exists), where
Z = Proj⊕∞m=0H
0(X,OX (⌊m(KX +B)⌋)), and
(3) B is big over the generic point ηZ of Z.
Then {Ivol(KX +B) | (X,B) ∈ D(d, ǫ,I)} is a DCC set.
We briefly explain the idea for the proof of Theorem 1.3. First, we reduce
to the case where X → Z is a morphism. Then we show that Z is birational
to a variety in the fiber of a family Z ′ → T ′. Using the bounded of general
fibers of f , we show that (X,B) is log birational to a fiber of a family of
log pairs which is built upon Z ′ → T ′. This is the most technical part of
the argument. Finally, the boundedness of Z follows from the finiteness of
ample models ([BCHM10, Corollary 1.1.5]).
Another possible approach is to apply the canonical bundle formula to
f : (X,B)→ Z, then there is a generalized polarized pair (Z,∆Z +MZ) on
Z such that KX + B ∼Q f
∗(KZ + ∆Z +MZ). One may expect to bound
Z under the boundedness of the volumes of KZ +∆Z +MZ . Such result is
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only known for surfaces with fixed volumes and some extra conditions (see
[Fil18, Theorem 1.8]). However, it seems that even for dimZ = 2, Theorem
1.3 does not directly follow from [Fil18, Theorem 1.8] (the existence of the
universal r ∈ N such that rMZ is Cartier does not necessarily hold).
The paper is organized as follows. In Section 2, we give background
materials. Theorem 1.3 and its corollaries are proven in Section 3. In Section
4, we discuss possible variants of Conjecture 1.2, the relation to the effective
adjunction conjecture, and establish some lower dimensional cases.
Acknowledgements. The author thanks Chenyang Xu and Lei Zhang for
answering some related questions. This work is partially supported by a
starting grant from SUSTech.
2. Preliminaries
2.1. Notation and conventions. Let I ⊂ R be a subset, then I is called a
DCC set (resp. ACC set) if there is no strictly decreasing subsequence (resp.
strictly increasing subsequence) in I. Let B be an R-divisor, then B ∈ I
means that the coefficients of B belong to I. For a birational morphism
f : Y → X and a divisor B on X, f−1∗ (B) denotes the strict transform of B
on Y , and Exc(f) denotes the sum of reduced exceptional divisors of f . A
fibration means a projective and surjective morphism with connected fibers.
For an R-divisor D, a map defined by the linear system |D| means a map
defined by |⌊D⌋|. For k = Z,Q,R, and two divisors A,B ∈ k on a variety
X over Z, A ∼k B/Z means that A and B are k-linearly equivalent over Z.
When k = Z or Z = SpecC, we omit k or Z.
2.2. Singularities of pairs and boundedness. Let X be a normal pro-
jective variety and B be an R-divisor on X, then (X,B) is called a log pair.
We assume that KX + B is an R-Cartier divisor for a log pair (X,B). For
a divisor D over X, if f : Y → X is a birational morphism from a normal
projective variety Y such that D is a divisor on Y , then the log discrepancy
of D with respect to (X,B) is defined to be multD(KY − f
∗(KX +B)) + 1.
This definition is independent of the choice of Y . A log pair (X,B) is called
sub-klt (resp. sub-lc) if the log discrepancy of any divisor over X is > 0
(resp. ≥ 0). If B ≥ 0, then a sub-klt (resp. sub-lc) pair (X,B) is called klt
(resp. lc). For ǫ ∈ R>0, a log pair (X,B) is called ǫ-lc if the log discrepancy
of any divisor over X is > ǫ.
Definition 2.1 ([HMX14, Bounded pairs §3.5]). We say that a set X of
varieties is birationally bounded if there is a projective morphism Z → T ,
where T is of finite type, such that for every X ∈ X, there is a closed point
t ∈ T and a birational map f : Zt 99K X.
We say that a set D of log pairs is log birationally bounded (resp. bounded)
if there is a log pair (Z,B), where the coefficients of B are all one, and a
projective morphism Z → T , where T is of finite type, such that for every
(X,∆) ∈ D, there is a closed point t ∈ T and a birational map f : Zt 99K X
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(resp. isomorphism of varieties) such that the support of Bt is not the whole
of Zt and yet Bt contains the support of the strict transform of ∆ and any
f -exceptional divisor (resp. f(Bt) = ∆).
2.3. Iitaka fibrations and Iitaka volumes. For this part, we follow the
exposition in [Laz04, §2.1]. Let X be a normal projective variety and D be
a Q-Cartier divisor. Let
N(X,D) := {m ∈ N | H0(X,OX(mD)) 6= 0 and mD is Cartier}.
(In particular, N(X,D) = (0) if for any m ∈ N>0 such that mD Cartier,
H0(X,OX (mD)) = 0.) If N(X,D) = (0), then one puts the Iitaka di-
mension of D to be −∞, and thus Ivol(D) = 0. Otherwise, for any m ∈
N(X,D), the linear system |mD| defines a rational map φ|mD| : X 99K
PH0(X,OX(mD)). Then the Iitaka dimension of D is defined to be
κ(D) := max
m∈N(X,D)
{dimφ|mD|(X)}.
In this case, there are constants a,A > 0 such that
amκ(D) ≤ h0(X,OX(mD)) ≤ Am
κ(D)
for all sufficiently large m ∈N(X,D) ([Laz04, Corollary 2.1.38]). Hence
Ivol(D) = lim sup
m→∞
κ(D)!h0(X,OX (⌊mD⌋))
mκ(D)
is a positive real number (c.f. [Laz04, Remark 2.1.39]).
Recall that the volume of D is defined to be
vol(D) = vol(X,D) := lim sup
m→∞
(dimX)!h0(X,OX (⌊mD⌋))
mdimX
,
hence D is big iff Ivol(D) = vol(D) > 0.
A particular case is when D = KX+B is an adjoint divisor. If KX +B is
semi-ample, then for sufficiently large m ∈ N(X,D), φ = φ|m(KX+B)| : X →
Z is a morphism to the ample model of (X,B). Suppose that KX + B =
φ∗DZ for some Q-divisor DZ on Z, then Ivol(KX +B) = vol(DZ) = D
dimZ
Z
by definition.
When (X,B) is a projective klt pair, by [BCHM10, Corollary 1.1.2],
⊕∞m=0H
0(X,OX (⌊m(KX +B)⌋))
is finitely generated. When κ(KX +B) ≥ 0, the rational map
X 99K Proj⊕∞m=0H
0(X,OX (⌊m(KX +B)⌋))
is called the Iitaka fibration associated withKX+B. This is slightly different
from [Laz04, Definition 2.1.34], where an Iitaka fibration associated with a
Cartier divisor is defined to be a morphism satisfying certain properties.
However, the Iitaka fibration in [Laz04, Definition 2.1.34] is unique only up
to birational equivalence. Hence, in order to make sense of Conjecture 1.2,
we adopt the current definition.
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2.4. Fano type (log Calabi-Yau) fibrations.
Definition 2.2 (ǫ-lc Fano type fibration). Let ǫ be a positive real number.
An ǫ-lc Fano type (log Calabi-Yau) fibration consists of a pair (X,B) and
a fibration f : X → Z between normal varieties such that we have the
following:
(1) (X,B) is a projective ǫ-lc pair,
(2) KX +B ∼R 0/Z, and
(3) −KX is big over Z, i.e. X is of Fano type over Z.
Definition 2.3 ((d, r, ǫ)-Fano type fibration). Let d, r be natural numbers
and ǫ be a positive real number. A (d, r, ǫ)-Fano type (log Calabi-Yau) fibra-
tion consists of a pair (X,B) and a contraction f : X → Z such that we
have the following:
(1) (X,B) is a projective ǫ-lc pair of dimension d,
(2) KX +B ∼R f
∗L for some R-divisor L,
(3) −KX is big over Z, i.e. X is of Fano type over Z,
(4) A is a very ample divisor on Z with AdimZ ≤ r, and
(5) A− L is ample.
Remark 2.4. A (d, r, ǫ)-Fano type fibration (X,B) → Z can be viewed as
a special case of the fibration map defined in Theorem 1.3 given B ∈ I. In
fact, for a (d, r, ǫ)-Fano type fibration f : X → Z as above, there exists a klt
pair (Z,∆) such that KX+B ∼Q f
∗(KZ+∆). Then A−(KZ+∆) is ample,
and AdimZ ≤ r. By length of extremal rays, KZ +∆+3(dimZ)A is ample.
By taking a general G ∈ |6(dimZ)f∗A| and replacing ǫ by min{ǫ, 12}, then
(X,B + 12G) is ǫ-lc. Moreover, KX +B +
1
2G ∼Q f
∗(KZ +∆+3(dimZ)A)
with KX + B +
1
2G semi-ample. Hence f : X → Z is the Iitaka fibration
associated with KX +B +
1
2G. By definition, B is big over Z. Moreover,
Ivol(KX +B +
1
2
G) = (KZ +∆+ 3(dimZ)A)
dimZ
≤(3(dimZ) + 1)dimZAdimZ ≤ (3(dimZ) + 1)dimZr.
Thus, (X,B + 12G), Z and v = (3(dimZ) + 1)
dimZr satisfy the assumptions
of Theorem 1.3 (after possibly enlarging I to I ∪ {12}).
2.5. Canonical bundle formula. We recall the construction of the canoni-
cal bundle formula in [Kaw98]. We follow the notions and notation in [FG14]
which appear slightly different from [Amb04]. For more about the canonical
bundle formula, see [Kaw98, FM00, Amb04, Amb05], etc.
The notion of b-divisors is introduced by Shokurov. Let X be a normal
variety. An integral b-divisor on X is an element:
D ∈ DivX = lim
Y→X
DivY,
where the projective limit is taken over all birational models f : Y → X
proper over X, under the push-forward homomorphism f∗ : DivY → DivX.
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If D =
∑
dΓΓ is a b-divisor on X, and Y → X is a birational model of X,
the trace of D on Y is the divisor
DY = trYD =
∑
Γ is a divisor on Y
dΓΓ.
Divisors with coefficients in Q or R are defined similarly. For more details,
see [Cor07, §2.3].
Suppose that (X,B) is a log pair with B a Q-divisor. The discrepancy
b-divisor A = A(X,B) is the Q-b-divisor of X with the trace AY defined by
the formulaKY = f∗(KX+B)+AY , where f : Y → X is a proper birational
morphism of normal varieties. Similarly, we define A∗ = A∗(X,B) by
A∗Y =
∑
ai>−1
aiAi
for KY = f
∗(KX + B) +
∑
aiAi where f : Y → X is a proper birational
morphism of normal varieties.
Definition 2.5 (Klt-trivial and lc-trivial fibrations). A klt-trivial (resp. lc-
trivial) fibration f : (X,B) → Z consists of a proper surjective morphism
f : X → Z between normal varieties with connected fibers and a pair (X,B)
satisfying the following properties:
(1) (X,B) is sub-klt (resp. sub-lc) over the generic point of Z,
(2) rankf∗OX(⌈A(X,B)⌉) = 1 (resp. rankf∗OX(⌈A
∗(X,B)⌉) = 1), and
(3) there exists a Q-Cartier Q-divisor D on Z such that
KX +B ∼Q f
∗D.
Let f : (X,B)→ Z be an lc-trivial fibration and P be a prime divisor on
Z. Because Z is normal, after shrinking around P , we can assume that P
is Cartier. Define
bP := max{t ∈ R | (X,B + tf
∗P ) is sub-lc over the generic point of P}
and set
BZ :=
∑
P
(1− bP )P, MZ := D − (KZ +BZ).
Then the following canonical bundle formula holds
(2.5.1) KX +B ∼Q f
∗(KZ +BZ +MZ).
In this formula, BZ is called the divisorial part and MZ is called the
moduli part. When (X,B) is lc, there exist Q-b-divisors B and M of X
such that BZ = BZ and MZ =MZ . Moreover, M is b-nef and b-abundant
in the sense that there is a proper birational morphism Z ′ → Z and a
proper surjective morphism h : Z ′ → W between normal varieties such that
(1)MZ′ ∼Q h
∗H for some nef and big Q-divisor H onW , and (2)M =MZ′
(i.e. M is the pullback of MZ′). For details, see [Amb05, Theorem 3.3] and
[FG14, Theorem 1.1].
The definitions of BZ andMZ still make sense when B (in Definition 2.5)
is an R-divisor. In this case, we still have b-divisors B andM. When (X,B)
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is lc over the generic point of Z, MZ is pseudo-effective ([Bir19, Theorem
3.6]). For more results in this setting, see [Bir19, §3.4] and [Bir18, §6.1].
Next, assume additionally that there is a Q-divisor Θ on X such that
KX + Θ is Q-linearly trivial over Z and (F, (1 − t)D|F + tΘ|F ) is a klt log
pair for any 0 < t ≤ 1, where F is the generic fiber of f . Then we have the
following effective adjunction conjecture (see [PS09, Conjecture 7.13.3]).
Conjecture 2.6 (Effective adjunction). Let the notation and assumptions
be as above. There exists a positive integer m depending only on the di-
mension of X and the horizontal multiplicities of B (a finite set of rational
numbers) such that mM is a base point free b-divisor (i.e. there is a bira-
tional morphism between projective varieties h : Y ′ → Y such that mMY ′ is
base point free and M =MY ′).
This conjecture is known when general fibers of f are curves (see [PS09,
Theorem 8.1] and references therein), K3 surfaces and abelian varieties (see
[Fuj03, Theorem 1.2]).
3. Proof of Theorem 1.3 and its corollaries
For convenience, we introduce two more notation. Let D,L be two R-
divisors, then D R L means that there exists an effective R-divisor E
such that D + E ∼R L. If D,L are Q-Cartier, then D R L implies that
vol(D) ≤ vol(L). We use the notation m = m(a1, . . . , ak) to emphasize
that m depends only on the choice of factors a1, . . . , ak. For example, m =
m(dimX, ǫ,I) means that m depends only on the dimension of X, ǫ and
the coefficient set I.
The proof of Theorem 1.3 relies on Proposition 3.5 whose proof is a bit
technical, and thus will be given afterwards. We list the maps appeared in
the proof of Theorem 1.3 in the following diagram (starting from Step 2).
X ′
π

g

θ
//❴❴❴❴❴❴❴
f ′

Y
h

w

X
f

Y ′
u
zz
Z˜
p
~~⑥⑥
⑥⑥
⑥⑥
⑥⑥
q
  ❆
❆❆
❆❆
❆❆
❆
Z
µ
//❴❴❴❴❴❴❴ Z ′
Proof of Theorem 1.3. Let k = dimZ. Without loss of generality, we can
assume k > 0 and ǫ < 1.
Step 1. Replace (X,B) by its good minimal model.
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Take a log resolution g : X ′ → X such that f ◦g : X ′ → Z is a morphism.
Let KX′ + B
′′ = g∗(KX + B) + E
′, where B′′ = g−1∗ B + (1 − ǫ/2)Exc(g).
Then (X ′, B′′) is ǫ/2-lc and B′′ is big over Z. By [BCHM10, Theorem 1.2]
and the base point free theorem, a general fiber of g ◦ f has a good min-
imal model. Applying [Lai11, Theorem 4.4], (X ′, B′′) has a good minimal
model. In [Lai11, Theorem 4.4], this result is obtained for X with terminal
singularities, however, the same argument works for a klt pair. In fact, the
terminal singularity assumption is only used to show that when (X,B) is
terminal, then a good minimal model of (X ′, g−1∗ B) is also a good minimal
model of (X,B) (see [Lai11, Lemma 2.2]). However, a good minimal model
of (X ′, B′′) is still a good minimal model of (X,B) (for example, see [Bir10,
Remark 2.6 (i)]). Thus one can work with (X ′, B′′) in the proof of [Lai11,
Theorem 4.4] and the result follows.
Replace (X,B) by a good minimal model of (X ′, B′′), ǫ by ǫ/2, and pos-
sibly enlarge I to I ∪{1− ǫ}, we can assume that f : X → Z is a morphism
and it is an ǫ-lc Fano type fibration for (X,B).
Step 2. The construction of Z ′.
By KX+B ∼Q 0/Z and the canonical bundle formula (see (2.5.1)), KX+
B ∼Q f
∗(KZ +∆+M), where ∆ is the divisorial part and M is the moduli
part. As B ∈ I with I a DCC set, by ACC for log canonical thresholds
(see [HMX14, Theorem 1.1]), there exists a DCC set J = J (dimX,I)
such that ∆ ∈ J . For a general fiber Ff of f , (Ff , B|Ff ) is ǫ-lc Fano and
coefficients of B|Ff are bounded below (in fact, finite by [HMX14, Theorem
D]). Thus (Ff , B|Ff ) belongs to a bounded family ([Bir16, Theorem 1.1], or
use [HX15, Theorem 1.3]). We argue as [HX15, Theorem 1.4] to show that
there is an m = m(d,I, ǫ) such that |m(KZ +∆+M)| defines a birational
map µ : Z 99K Z ′.
Let τ : Z¯ → Z be a log smooth model of (Z,∆) such that τ−1∗ ∆∪Exc(τ)
is an snc divisor and the trace MZ¯ of the moduli b-divisor M is nef on Z¯.
Then by the boundedness of Ff , there exists an r = r(dimFf , ǫ) ∈ N such
that rMZ¯ is an integral divisor (see [HX15, Claim 3.2] or [Tod10] which both
rely on [FM00]). Let KZ¯ + ∆¯ +MZ¯ = τ
∗(KZ + ∆ +M) + E
′ with ∆¯ =
τ−1∗ ∆+Exc(τ). Then E
′ ≥ 0 is τ -exceptional, and (Z¯, ∆¯+MZ¯) is generalized
lc (see [BZ16, Definition 4.1]) with ∆¯ ∈ J ∪ {1}. Moreover, KZ¯ + ∆¯ +MZ¯
is big. By [BZ16, Theorem 1.3] , there exists an m = m(d,I, ǫ) ∈ N,
such that |m(KZ¯ + ∆¯ +MZ¯)| defines a birational map. For an R-Cartier
divisor D on Z, there exists a τ -exceptional divisor F such that ⌊τ∗D⌋ ≤
τ−1∗ ⌊D⌋ + F . Hence if F
′ is a τ -exceptional divisor such that |τ∗D + F ′|
defines a birational map, then |D| also defines a birational map. Apply this
to D = m(KZ + ∆ + M), F
′ = mE′, then |m(KZ + ∆ + M)| defines a
birational map µ : Z 99K Z ′.
Take a resolution p : Z˜ → Z such that the movable part of p∗|m(KZ +
∆+M)| is base point free, and write
(3.0.1) p∗|m(KZ +∆+M)| = |R˜|+ F˜ ,
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where |R˜| is the movable part and F˜ is the fixed part. This can be done by
first passing to a small Q-factorialization of Z (it exists because there exists
∆Z such that (Z,∆Z) is klt by [Amb05, Theorem 0.2]), and then resolving
the Q-Cartier divisor which is the strict transform of ⌊m(KZ +∆+M)⌋ on
this small Q-factorial model. Now, |R˜| defines a morphism q : Z˜ → Z ′ which
resolves µ ◦ p. Let A be the very ample divisor on Z ′ such that R˜ = q∗A.
Then
(3.0.2) Ak ≤ vol(Z˜, R˜+ F˜ ) ≤ vol(Z,m(KZ +∆+M)) ≤ m
kv.
Thus Z ′ belongs to a bounded family.
Step 3. The construction of (X ′,D′).
Let g : X ′ → X be a log resolution of (X,B) which also resolves X 99K Z˜.
Let π : X ′ → Z˜ be the corresponding morphism and f ′ = q ◦ π. Set
(3.0.3) D′ = (1 +
ǫ
2
)g−1∗ B + (1−
ǫ
2
)Exc(g).
As (X,B) is ǫ-lc, (X ′,D′) is ǫ2 -lc. For 0 < δ ≪ 1,
(3.0.4) KX′ +D
′ ≥ g∗(KX + (1 + δ)B),
thus KX′ +D
′ is big/Z. KX′ +D
′ is also big/Z ′ as Z 99K Z ′ is birational.
By [BCHM10, Theorem 1.2], there exists a minimal model θ : X ′ 99K Y/Z ′
of (X ′,D′)/Z ′. Let DY = θ∗D
′, then KY +DY is semi-ample/Z
′ by the base
point free theorem.
Step 4. Log birational boundedness of (X,B).
We claim that KY + DY + 3dh
∗A is a nef and big divisor. Recall that
dimY = d and A is very ample on Z ′ such that R˜ = q∗A. If there is
an extremal curve C such that C · (KY + DY + 3dh
∗A) < 0, then h∗C 6=
0 because KY + DY is nef/Z
′. Moreover, C · (KY + DY ) < 0. By the
length of extremal rays, there exists a curve C ′ on the same ray class of
C such that −(2d + 1) ≤ C ′ · (KY + DY ) < 0. But C
′ · (3dh∗A) ≥ 3d,
we get C ′ · (KY + DY + 3dh∗A) > 0, a contradiction. Next, KX + B is
pseudo-effective and thus KY + DY is pseudo-effective. Let (Y
′,DY ′) be
the canonical model of (Y,DY )/Z
′ with w : Y → Y ′ and u : Y ′ → Z ′ the
corresponding morphisms. Then KY ′ + DY ′ + Nu
∗A is ample for N ≫ 1.
Thus
(3.0.5) KY +DY +3dh
∗A = (1−
1
N
)(KY +DY )+(
1
N
(KY +DY )+3dh
∗A)
is big.
Let G ∈ |6dh∗A| be a general element, then (Y,DY +
1
2G) is still
ǫ
2 -lc with
DY +
1
2G ∈ I
′, where I ′ = (1+ ǫ2)I∪{1−
ǫ
2}∪{
1
2} is a DCC set. By [HMX14,
Theorem 1.3 (3)], there exists m′ = m′(dim Y,I ′) ∈ N such that the linear
system |m′(KY + DY +
1
2G)| defines a birational map ϕ : Y 99K Y
′′. By
Proposition 3.5,
(3.0.6) vol(Y, (KY +DY +
1
2
G)) ≤ N(I, ǫ, d, v),
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whereN(I, ǫ, d, v) depends only on I, ǫ, d, v. Moreover, by [HMX14, Lemma
7.3], there is a constant β = β(d,I ′) < 1 such that KY +β(DY +
1
2G) is still
big.
By [HMX13, Lemma 2.4.2 (3)], to show that the family {(X,B)} is log
birationally bounded, it is enough to show that {(Y,DY )} is log birationally
bounded. Then by [HMX13, Lemma 2.4.2 (4)], it is enough to show that
(SuppDY ′′ + Exc(ϕ
−1)) · (H)d−1
is bounded above, where DY ′′ is the strict transform of DY and H is the
very ample divisor on Y ′′ determined by ϕ. Set 0 < δ = min I ′. Let
π1 : W → Y, π2 : W → Y
′′ be a common resolution such that ϕ ◦ π1 = π2
and the movable part of π∗1 |m
′(KY + DY +
1
2G)| is base point free. Let
DW = π
−1
1∗ DY . By [HMX13, Lemma 3.2],
(SuppDY ′′ + Exc(ϕ
−1)) · (H)d−1
≤(SuppDW + Exc(π1)) · (π
∗
2H)
d−1
≤2d vol(W,KW + SuppDW + Exc(π1) + 2(2d + 1)π
∗
2H)
≤2d vol(W,KW +
1
δ
DW + Exc(π1) + 2(2d + 1)π
∗
2H)
≤2d vol(W,π∗1(KY +
1
δ
DY ) + E
+ 2(2d+ 1)π∗1(m
′(KY +DY +
1
2
G))),
(3.0.7)
where E is a π1-exceptional divisor with sufficiently large coefficients. Be-
cause KY + β(DY +
1
2G) is big, there is Θ ≥ 0 such that Θ+ (1− β)DY ∼R
KY +DY +
1
2G. Hence DY R
1
1−β (KY +DY +
1
2G) (see the first paragraph
of Section 3 for the meaning of “R”). In particular,
KY +
1
δ
DY R (1 +
1
δ(1 − β)
)(KY +DY +
1
2
G)).
Now, continue the estimates in (3.0.7), we have
(SuppDY ′′ + Exc(ϕ
−1)) · (H)d−1
≤2d vol(Y, (KY +
1
δ
DY ) + 2(2d + 1)(m
′(KY +DY +
1
2
G)))
≤2d vol((1 +
1
δ(1 − β)
+ 2(2d + 1)m′)(KY +DY +
1
2
G))
≤2d(1 +
1
δ(1 − β)
+ 2(2d+ 1)m′)dN(I, ǫ, d, v).
(3.0.8)
This final estimate depends only on I, ǫ, d, v. Hence {(X,B)} is log bira-
tionally bounded.
Step 5. Boundedness of Z.
The argument below follows the same lines as [HMX14, Theorem 1.6].
However, because [HMX14, Theorem 1.6] deals with the KX+B ample case
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(see [HMX14, Lemma 9.1]), we provide details on this part (i.e. KX + B
semi-ample case).
First, by Step 4, there exists a projective morphism X → T between
schemes of finite type, and a reduced subscheme B ⊂ X such that for any
(X,B) in Theorem 1.3, there exists t ∈ T and a birational map i : X 99K Xt
satisfying i−1∗ (B) ∪ Exc(i
−1) ⊂ Bt. By taking log resolutions and shrinking
X and T , we can assume that (X ,B) is log smooth over T (i.e. X as well
as any strata of B are smooth over T ). For (X , (1 − ǫ)B), by a sequence
of blowups of strata, we extract all the divisors whose log discrepancies are
≤ 1. Then one can show that i−1 : Xt 99K X is a birational contraction,
that is, i does not contract any divisor on X. This step is done in [HMX14,
Proof of (1.6), Page 556–557].
Next, let 0 < δ := min I. For the definition of the ample model, see
[BCHM10, Definition 3.6.5]. We say that (Xt, B¯t) corresponds to (X,B)
if B is chosen such that B¯t is the sum of the strict transform of B and
(1 − ǫ) Exc(i−1) (here i−1 : Xt 99K X is the above birational contraction).
Such B¯ is uniquely determined because (X ,B) is log smooth over T . We use
[BCHM10, Corollary 1.1.5 (2)] to show the following claim:
Suppose that (Xt, B¯t) corresponds to some (X,B). Then there are finitely
many ample models over T for
{(X ,B′) | SuppB′ = Supp B¯, and δ Supp B¯ ≤ B′ ≤ (1− ǫ) Supp B¯}.
Choose a rational number 0 < τ ≪ 1, such that KX + (1 + τ)B is big (it
is big by the same argument as (3.0.5)), then KX + (1 + τ)B¯ is big over T
by [HMX18, Theorem 1.2]. Let A+ E ∼Q KX +(1+ τ)B¯/T with E ≥ 0 and
A > 0 an ample divisor which has no components in common with E and
Supp B¯. Choose α ∈ Q>0 such that (X , α(A+ E) + (1− ǫ/2) Supp B¯) is klt.
By choosing γ ∈ Q>0 sufficiently small, we can assume that ∆
′ in
(1 + γα)(KX + B
′) = KX + γα(KX + (1 + τ)B¯) + ∆
′
is effective with coefficients < (1−ǫ/2). Indeed, ∆′ = (1+γα)B′−γα(1+τ)B¯,
where B′ has coefficients in [δ, (1 − ǫ)] and SuppB′ = Supp B¯. Moreover,
Supp∆′ ⊂ Supp B¯. Now (X , γαA +∆′ + γαE) is klt with
(1 + γα)(KX + B
′) ∼Q KX + γαA+∆
′ + γαE/T .
Then the ample model of (X ,B′)/T is also the ample model of (X , γαA+∆′+
γαE)/T . By [BCHM10, Corollary 1.1.5 (2)], we have finitely many rational
maps ψj : X 99K Zj over T such that for a klt pair (X , γαA + ∆
′ + γαE)
with Supp∆′ ⊂ Supp B¯ and KX + γαA +∆
′ + γαE pseudo-effective, there
exists a ψj which is the ample model of (X , γαA+∆
′+γαE) over T . Hence,
ψj is also the ample model of (X ,B
′) over T .
Finally, by [HMX18, Corollary 1.4], if ψj : X 99K Zj/T is the ample model
of (X ,B′), then ψj,t : Xt 99K Zj,t is the ample model of (Xt,B
′
t) for every
closed point t ∈ T . Because Xt 99K X is a birational contraction, the ample
model of (X,B) is the ample model of (Xt, B¯t). In fact, let r1 : W → X,
r2 : W → Xt be a common log resolution which also resolves i : X 99K Xt.
BOUNDEDNESS OF THE BASE VARIETIES OF CERTAIN FIBRATIONS 13
ThenKW+r
−1
1,∗B+(1−ǫ) Exc(r1) = r
∗
1(KX+B)+E1 and KW+r
−1
2,∗B¯t+(1−
ǫ) Exc(r2) = r
∗
1(KXt+B¯t)+E2 with E1, E2 ≥ 0. But r
−1
1,∗B+(1−ǫ) Exc(r1) =
r−12,∗B¯t+ (1− ǫ) Exc(r2) by the construction of B¯. Then the assertion follows
because the ample model of (W, r−11,∗B + (1− ǫ) Exc(r1)) (resp. (W, r
−1
2,∗B¯t +
(1− ǫ) Exc(r2))) is the same as the ample model of (X,B) (resp. (Xt, B¯t)).
Because KX +B is semi-ample, Z = Proj⊕
∞
m=0H
0(X,OX (⌊m(KX +B)⌋))
is exactly the ample model of (X,B) ([BCHM10, Lemma 3.6.6 (3)]), this
shows the boundedness for F(d, ǫ, v,I). 
Next, we show Proposition 3.5 which is used in Step 4 in the proof of The-
orem 1.3. The strategy is similar to [Jia18, Theorem 4.1] (also see [DCS16,
Proposition 4.1] and [Bir18, Proposition 5.8]). However, it is much more
subtle here because h : Y → Z ′ in the proof of Theorem 1.3 may not be an
ǫ-lc Fano type fibration. Under the notation in the proof of Theorem 1.3,
we have the following auxiliary constructions:
X ′
π

g

//❴❴❴❴❴❴❴ W
ψ

X
f

V
φ
ss
q◦φ

Z˜
p
~~⑥⑥
⑥⑥
⑥⑥
⑥⑥
q
  ❆
❆❆
❆❆
❆❆
❆
Z
µ
//❴❴❴❴❴❴❴ Z ′
Recall that g : X ′ → X is a log resolution of (X,B). Let B′ = g−1∗ B +
(1− ǫ/2)Exc(g), then
KX′ +B
′ = g∗(KX +B) + E
′,
where E′ > 0 is g-exceptional. There is a non-empty smooth open set
UZ˜ ⊂ Z˜ such that (X
′|π−1(U
Z˜
), B
′|π−1(U
Z˜
)) is log smooth over UZ˜ . Notice
that p : Z˜ → Z is birational. For a general closed point t ∈ UZ˜ , let Fπ be
the fiber π−1(t) and Ff be the fiber f
−1(p(t)). Then
KFpi +B
′|Fpi = (g|Fpi )
∗(KFf +B|Ff ) + E
′|Fpi ,
where E′|Fpi ≥ 0 is an exceptional divisor for g|Fpi : Fπ → Ff . Because
KFf + B|Ff ∼Q 0, (Fπ, B
′|Fpi) has a good minimal model. In fact, we
can run a partial (KFpi + B
′|Fpi)-MMP over Ff . After finitely many steps,
E′|Fpi must be contracted and thus the resulting log pair is crepant over
(Ff , B|Ff ). This is a good minimal model for (Fπ, B
′|Fpi) (alternatively, this
follows from [BCHM10, Theorem 1.2] and the base point free theorem as
before). Then by [HMX18, Theorem 1.2], (X ′|π−1(U
Z˜
), B
′|π−1(U
Z˜
)) has a good
minimal model over UZ˜ . By [HX13, Theorem 1.1] (also see [Bir12, Theorem
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1.4]), (X ′, B′) has a good minimal model (W,BW ) over Z˜. Let ψ :W → V/Z˜
be the morphism associated with KW +BW . Then KW +BW ∼Q 0/V . Let
φ : V → Z˜ be the corresponding birational morphism.
Next, let
(3.0.9) KX′ + B¯
′ = g∗(KX +B),
then (X ′, B¯′) is a subklt pair such that KX′ + B¯
′ ∼Q π
∗p∗L, where
L := KZ +∆+M
(see Step 2 in the proof of Theorem 1.3). In particular, KX′ + B¯
′ ∼Q 0/Z˜.
Let KW + B¯W be the pushforward of KX′ + B¯
′ on W . Then (W, B¯W ) is
subklt as KX′ + B¯
′ ∼Q 0/Z˜. By the canonical bundle formula,
(3.0.10) KW + B¯W ∼Q ψ
∗(KV + ∆¯V +MV ),
where ∆¯V is the divisorial part andMV = LV −(KV +∆¯V ) is the moduli part
with LV := φ
∗p∗L. Apply the canonical bundle formula to the klt-trivial
fibration ψ : (W,BW )→ V , we have
(3.0.11) KW +BW ∼Q ψ
∗(KV +∆V +MV ).
Notice that the moduli parts in (3.0.10) and (3.0.11) can be chosen as the
same divisor by the following reason (also see [Bir19, Lemma 3.5]).
By construction, KW +BW = KW +B¯W +EW for some EW ≥ 0. Because
KW + BW ∼Q 0/V and KW + B¯W + EW ∼Q 0/V , we have EW ∼Q 0/V .
Then EW = ψ
∗EV for some Q-divisor EV ≥ 0 on V . This can be derived
from [KMM94, Lemma 1.7]. Although V may not be Q-factorial here, it
is enough to show our claim on the smooth locus of V because we have
EW ∼Q 0/V instead of merely EW ≡ 0/V .
By the definition of the divisorial parts, ∆V = ∆¯V + EV . Notice that
KW +BW ∼Q ψ
∗(LV + EV ).
Hence the moduli part for (W,BW )→ V can be chosen as
LV +EV − (KV +∆V ),
which is exactly LV − (KV + ∆¯V ) =MV .
Recall that in Step 2 of the proof of Theorem 1.3, we have KX + B ∼Q
f∗(KZ +∆+M). By above discussion, for η := p ◦ φ,
(3.0.12) KV +∆V +MV = η
∗(KZ +∆+M) + EV .
Next, recall that p : Z˜ → Z is a log resolution such that p∗|m(KZ +
∆+M)| = |R˜| + F˜ (see (3.0.1)), where |R˜| is base point free and defines a
birational morphism q : Z˜ → Z ′. Moreover, Z ′ belongs to a bounded family
which depends only on I, ǫ, d, v (see Step 2 in the proof of Theorem 1.3,
notice that we do not use Proposition 3.5 until Step 4). Let RV = φ
∗R˜ and
dimV = dimZ = k. The key estimate is the following lemma.
Lemma 3.1. Under the assumptions in Theorem 1.3, by the above notation,
there exists R = R(I, ǫ, d, v) ∈ Q>0 such that (KV +∆V +MV )·RV
k−1 < R.
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Proof. We estimate KV ·RV
k−1,∆V · RV
k−1 and MV ·RV
k−1 separately.
First, we work with KV · RV
k−1. Recall that R˜ defines q : Z˜ → Z ′, and
for the very ample divisor A on Z ′ such that R˜ = q∗A, we have Ak ≤ mkv
(see (3.0.2)). Hence Z ′ ⊂ Pl with l ≤ mkv + k − 1 (for example, see [EH87,
Proposition 0]), and OZ′(A) ≃ OZ′(1). Thus the degree of Z
′ is bounded
above by mkv. Then by the construction of Chow varieties (for example,
see [Kol96, Chapter I.3]), there is a projective morphism between schemes
of finite type U → C, and a line bundle A on U such that for any Z ′, there
is some t0 whose fiber Ut0 ≃ Z
′ and A|Ut0 ≃ OZ′(A). In fact, A is the
restriction of pr2
∗OPl(1) to the universal family U ⊂ C × P
l. In particular,
KZ′ · A
k−1 can only achieve finitely many values and thus bounded above.
By projection formula ([Kol96, Chapter VI, Proposition 2.11]), KV ·R
k−1
V =
KZ′ · A
k−1 which is also bounded above depending only on I, ǫ, d, v.
Next, we work with ∆V ·RV
k−1. Notice that BW ∈ I ∪{1−
ǫ
2} which is a
DCC set. By ACC for log canonical thresholds [HMX14, Theorem 1.1], ∆V
belongs to a DCC set depending on I, ǫ, d. In particular, each coefficient of
∆V is greater than some δ = δ(I, ǫ, d) ∈ Q>0. By [BZ16, Theorem 8.1] (this
is [HMX14, Lemma 7.3] for the generalized polarized pairs), and use the
same argument as Step 2 in the proof of Theorem 1.3 (i.e. take a smooth
model V¯ → V such that the moduli part is a nef Q-Cartier divisor, and use
the boundedness of general fibers to bound the Betti numbers), there exists
e = e(ǫ,I, d) ∈ (0, 1) ∩ Q such that KV + e∆V + eMV is still big. Because
MV is pseudo-effective,
(1− e)∆V R (1− e)∆V + (KV + e∆V +MV ) = KV +∆V +MV .
By [HMX13, Lemma 3.2], if H = 2(2k + 1)RV , then
Supp∆V ·H
k−1 ≤ 2k vol(V,KV + Supp∆V +H).
Hence, it is enough to show that vol(V,KV + Supp∆V + H) has an up-
per bound which depends only on I, ǫ, d, v. Because coefficients of ∆V are
greater than δ,
(3.0.13) Supp∆V ≤
1
δ
∆V R
1
δ(1− e)
(KV +∆V +MV ).
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By construction, RV R mLV , hence H = 2(2k + 1)RV R 2(2k + 1)mLV .
Then by (3.0.13),
vol(V,KV + Supp∆V +H)
≤vol(V,KV +
1
δ(1 − e)
(KV +∆V +MV ) +H)
≤vol(V,KV +∆V +MV +
1
δ(1 − e)
(KV +∆V +MV ) + 2(2k + 1)mLV )
≤vol(V, (1 +
1
δ(1 − e)
)(LV + EV ) + 2(2k + 1)mLV )
≤vol(V, (1 +
1
δ(1 − e)
+ 2(2k + 1)m)(LV + EV )),
where the third inequality uses (3.0.12). By construction,
vol(V,LV + EV ) = vol(V,KV +∆V +MV ) = Ivol(W,KW +BW )
= Ivol(X ′,KX′ +B
′) = Ivol(X,KX +B) ≤ v,
and thus vol(V,KV + Supp∆V + H) has an upper bound which depends
only on I, ǫ, d, v.
Finally, we boundMV ·RV
k−1. By the above discussion,MV is the moduli
part for both (W, B¯W )→ V and (W,BW )→ V , hence η∗MV =M . Because
(X,B) → Z is a klt-trivial fibration, there is a klt pair (Z,∆Z) such that
KX + B = f
∗(KZ + ∆Z) ([Amb05, Theorem 0.2]). Thus there is a small
Q-factorialization Zq → Z. Moreover, p can be assumed to factor through
Zq, and let p′ : Z˜ → Zq be the corresponding morphism. Let ∆q,M q be
the strict transforms of ∆,M . We claim that (p′ ◦ φ)∗M q = MV + FV ,
where FV is effective. In fact, because the moduli b-divisor M is b-nef,
there is a birational model φ¯ : V¯ → V such that the trace MV¯ is nef.
By the negativity lemma, there exists an effective divisor FV¯ such that
MV¯ +FV¯ = (p
′◦φ◦φ¯)∗M q. ThusMV +φ¯∗FV¯ = φ¯∗(MV¯ +FV¯ ) = (p
′◦φ)∗M q,
where FV = φ¯∗FV¯ ≥ 0. By the same argument as before, there exists
e′ = e′(ǫ,I, d) ∈ (0, 1) ∩Q such that KZq + e
′∆q + e′M q is big. Hence
(1− e′)MV R (1− e
′)(p′ ◦ φ)∗M q
R(p
′ ◦ φ)∗(KZq +∆
q + e′M q + (1− e′)M q) = LV .
(3.0.14)
Because LV , RV are nef, and RV R mLV , we have
LV · R
k−1
V ≤ LV · (mLV ) · R
k−2
V ≤ · · · ≤ LV · (mLV )
k−1 ≤ mk−1v.
Thus by (3.0.14),
MV ·R
k−1
V ≤
mk−1v
(1− e′)
.
Put the above estimates together and notice thatm = m(d,I, ǫ) (see Step
2 in the proof of Theorem 1.3), we have R = R(I, ǫ, d, v) ∈ Q>0 such that
(KV +∆V +MV ) ·RV
k−1 < R. 
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Remark 3.2. (1) One cannot apply the method for estimating MV ·R
k−1
V to
BV · R
k−1
V . The reason is that we do not have a bounded ζ = ζ(I, ǫ, d, v) ∈
R>0 such that BV ≤ ζ(p
′ ◦ φ)∗Bq.
(2) One can show that EV in (3.0.12) is η-exceptional. Hence
(KV +∆V +MV ) · L
k−1
V = (KZ +∆+M) · L
k−1 ≤ v.
However, such estimate breaks in the induction argument of Proposition 3.5
(see (3.0.17)). Hence, we have to use the above more complicated estimate.
In the proof of Proposition 3.5, we use the following lemma.
Lemma 3.3 ([Jia18, Lemma 2.5]). Let X be a projective normal variety and
let D be an R-Cartier R-divisor on X. Let S be a base point free Cartier
prime divisor on X. Then for any rational number q > 0,
vol(X,D + qS) ≤ vol(X,D) + q · dimX · vol(S,D|S + qS|S).
Lemma 3.4. Let d ∈ N, ǫ, σ, ν, l ∈ Q>0 be fixed numbers. Let I ⊂ [0, 1]∩Q
be a DCC set. Suppose that ψ : (W,BW )→ V is an ǫ-lc Fano type fibration
between projective normal varieties, and there is a big and base point free
divisor RV on V such that they satisfy the following properties:
(1) dimW = d and BW ∈ I,
(2) RdimVV ≤ σ, and
(3) in the canonical bundle formula KW +BW ∼Q ψ
∗(KV +∆V +MV ),
(KV +∆V +MV ) · R
dimV−1
V < ν.
Then there exists B = B(d, ǫ, σ, ν, l,I) ∈ Q>0 such that
vol(KW + 2BW + lψ
∗RV ) ≤ B.
Proof. We prove the claim by induction on dimV .
If dimV = 0, then
vol(W,KW + 2BW + lψ
∗RV ) = vol(W,BW ) = vol(W,−KW ).
Because (W,BW ) is ǫ-lc and BW is big, W belongs to a bounded family
which only depends on ǫ and d ([Bir16, Corollary 1.2]). Hence vol(W,−KW )
is bounded above.
If dimV = 1, then take a general S ∈ |ψ∗RV |. Because degV RV ≤ σ,
S = ⊔ζi=1Si with ζ ≤ σ. Because S is a disjoint union of prime divisors,
Lemma 3.3 still holds true by the same argument. Thus, for any q ∈ Q>0,
vol(W,KW + 2BW + lψ
∗RV ) ≤ vol(W,KW + 2BW + lψ
∗RV − qψ
∗RV )
+ qd vol(S, (KW + 2BW + lψ
∗RV )|S).
(3.0.15)
We claim that there is q = q(d, ǫ, σ, ν, l,I) ∈ Q>0 such that vol(W,KW +
2BW + lψ
∗RV − qψ
∗RV ) = 0. This can be argued as [Bir18, Proposition
5.8]. In fact, suppose that there exists
0 ≤ Θ ∼Q KW + 2BW + lψ
∗RV − qψ
∗RV ,
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then for a general fiber Fψ of ψ : W → V ,
Θ|Fψ ∼Q KFψ + 2BW |Fψ ∼Q −KFψ .
Hence by [Bir16, Theorem 1.6], there is 1 > τ = τ(ǫ, d) ∈ Q>0 such that
(Fψ, BW |Fψ + τΘ|Fψ) is klt. By inversion of adjunction, (W,BW + τΘ) is klt
over the generic point of V . Then
KW + (1− τ)BW + τΘ = (1 + τ)(KW +BW +
τ(l − q)
1 + τ
ψ∗RV ) ∼Q 0/V.
By the canonical bundle formula,
KW + (1− τ)BW + τΘ ∼Q ψ
∗(KV +∆
′
V +M
′
V )
with ∆′V ≥ 0 and M
′
V pseudo-effective ([Bir19, Theorem 3.6]). It is well
known that KV + (dimV +2)RV is big (for example, see [Li18, Proposition
3.3]). By
(1 + τ)(KW +BW +
τ(l − q)
1 + τ
ψ∗RV )
∼Q(1 + τ)ψ
∗(KV +∆V +MV +
τ(l − q)
1 + τ
RV )
∼Qψ
∗(KV +∆
′
V +M
′
V ),
then (1 + τ)(KV +∆V +MV +
τ(l−q)
1+τ RV ) + (d+ 2)RV is big. Thus
0 ≤
(
(1 + τ)(KV +∆V +MV +
τ(l − q)
1 + τ
RV ) + (d+ 2)RV
)
· RdimV−1V
= (1 + τ)(KV +∆V +MV ) ·R
dimV−1
V + (τ(l − q) + (d+ 2)) ·R
dimV
V
≤ (1 + τ)ν + (τ(l − q) + (d+ 2)) ·RdimVV .
(3.0.16)
Because RV is a nef Cartier divisor which is big, R
dimV
V ≥ 1. Then (3.0.16)
implies that when q > l,
0 ≤ (1 + τ)ν + (d+ 2)RdimVV + τ(l − q).
By RdimVV ≤ σ, we have
q ≤
(1 + τ)ν + (d+ 2)σ
τ
+ l.
Hence, if we choose q = q(d, ǫ, σ, ν, l,I) = (1+τ)ν+(d+2)σ
τ
+ l + 1, then
vol(W,KW + 2BW + lψ
∗RV − qψ
∗RV ) = 0. Now, by (3.0.15),
vol(W,KW + 2BW + lψ
∗RV ) ≤ qd vol(S, (KW + 2BW + lψ
∗RV )|S)
≤ qd
ζ∑
i=1
vol(Si,KSi + 2BW |Si)
= qd
ζ∑
i=1
vol(Si,−KSi).
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vol(Si,−KSi) is bounded above because Si belongs to a bounded family (see
the dimV = 0 case). Then by ζ ≤ σ, we get the desired result.
Finally, when dimV ≥ 2, choose a general V1 ∈ |RV |. V1 is irreducible
because RV defines a morphism to a variety with dimension ≥ 2. Let
W1 = ψ
∗V1 which is an irreducible divisor such that (W,W1+BW ) is plt, in
particular,W1 is normal. By adjunction, KW1+BW1 = (KW+W1+BW )|W1 ,
(W1, BW1) is still ǫ-lc by inversion of adjunction (for example, see [BCHM10,
Corollary 1.4.5]). Because W1 is a general Cartier divisor, BW1 = BW |W1 ∈
I (see [K+92, Corollary 16.7]). Let RV1 = RV |V1 which is still big and base
point free. Notice that a general fiber of ψ1 is also a general fiber of ψ, hence
W1 is Fano type over V1. Thus ψ1 :W1 → V1 is an ǫ-lc Fano type fibration.
By canonical bundle formula,
KW1 +BW1 ∼Q ψ
∗
1(KV1 +∆V1 +MV1) ∼Q ψ
∗
1((KV +∆V +MV +RV )|V1).
Hence,
(KV1 +∆V1 +MV1) ·R
dimV1−1
V1
=(KV +∆V +MV +RV ) · V1 · R
dimV1−1
V
=(KV +∆V +MV ) ·R
dimV−1
V +R
dimV
V
≤ν + σ.
(3.0.17)
In summary, ψ1 : (W1, BW1) → V1 satisfies the assumptions of Lemma
3.4 with d, ǫ, σ, ν,I replaced by d − 1, ǫ, σ, σ + ν,I. Hence, by induction
hypothesis, there exists B1 = B1(d, ǫ, σ, ν, l,I) ∈ Q>0 such that
vol(W1,KW1 + 2BW1 + lψ
∗
1RV1) ≤ B1.
By Lemma 3.3, for any q ∈ Q>0, we have
vol(W,KW + 2BW + lψ
∗RV ) ≤ vol(W,KW + 2BW + lψ
∗RV − qψ
∗RV )
+ qd vol(W1,KW1 + 2BW1 + lψ
∗
1RV1).
By the same argument as the dimV = 1 case (this argument applies to any
dimV , for example, see (3.0.16)), there exists q1 = q1(d, ǫ, σ, ν, l,I) ∈ Q>0,
such that vol(W,KW + 2BW + lψ
∗RV − q1ψ
∗RV ) = 0. Then
vol(W,KW + 2BW + lψ
∗RV ) ≤ q1dB1,
and thus the induction step is completed. 
Proposition 3.5. Under the notation in the proof of Theorem 1.3, for any
l ∈ N, there exists N = N(I, ǫ, d, v, l) ∈ R>0 such that
vol(Y,KY +DY + lh
∗A) < N.
Proof. Because (Y,DY ) is a minimal model of (X
′,D′)/Z ′,
vol(Y,KY +DY + lh
∗A) = vol(X ′,KX′ +D
′ + lf ′∗A).
Because D′ = (1+ǫ/2)g−1∗ B+(1−ǫ/2)Exc(g), B
′ = g−1∗ B+(1−ǫ/2)Exc(g)
and ǫ < 1, we haveD′ ≤ 2B′. Hence vol(Y,KY +DY +lh
∗A) ≤ vol(X ′,KX′+
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2B′+lf ′∗A). Recall that R˜ = q∗A, and becauseKW+2BW = pr2∗ pr
∗
1(KX′+
2B′) where X ′
pr1←−− X ′′
pr2−−→W is a common resolution, we have
vol(X ′,KX′ + 2B
′ + lf ′∗A) ≤ vol(W,KW + 2BW + lψ
∗RV ).
Hence, it is enough to bound vol(W,KW + 2BW + lψ
∗RV ). Notice that
RdimVV ≤ (mLV )
dimV ≤ mdimV v where m = m(I, ǫ, d, v), and (KV +BV +
MV ) · R
dimV−1
V < R(I, ǫ, d, v) by Lemma 3.1. Apply Lemma 3.4 to ψ :
(W,BW )→ V , and take d, ǫ, σ, ν, l,I to be d, ǫ,m
dimV v,R, l,I respectively,
we have an upper bound for vol(W,KW + 2BW + lψ
∗RV ) which depends
only on I, ǫ, d, v, l. 
Proof of Corollary 1.5. We show that (X,B) ∈ S(d, ǫ, v,I) is a (d, r, ǫ)-Fano
type fibration for some d, r, ǫ. This certainly holds true when dimZ = 0.
Hence, we can assume dimZ > 0.
By the definition of S(d, ǫ, v,I), (X,B)→ Z satisfies (1), (2), (3) in Defi-
nition 2.3 with exactly the same d and ǫ. Now, we show (4) and (5).
By the argument for the boundedness of Z (see proof of Theorem 1.3 Step
5), there are finitely many projective morphisms X i → T and divisors Bi
′
on X i whose coefficients varied in [δ, (1−ǫ)] (but SuppBi
′
is fixed) satisfying
the following properties:
(1) there are finitely many birational maps ϕij : X
i
99K Y ij/T such that
if ϕ : (X i,Bi
′
) 99K (Y ′,B′Y ′)/T is a log terminal model of (X
i,Bi
′
)/T , then
there is a j satisfying ϕij = ϕ (this can be obtained by the same argu-
ment as Theorem 1.3 Step 5 using [BCHM10, Corollary 1.1.5 (1)] instead of
[BCHM10, Corollary 1.1.5 (2)]).
(2) there are finitely many φijk : Y
i
j → Z
i
jk/T which is a morphism to the
ample model of some (Y ij,B
i′
Yij
)/T (and hence it is also the ample model of
some (X i,Bi
′
)/T ). Notice that φijk ◦ ϕ
i
j : X
i
99K Zijk is exactly ψi : X 99K
Zj/T in the proof of Theorem 1.3 Step 5.
For simplicity, we fix some X i,Y ij ,Z
i
jk, etc. and denote them by X ,Y,Z,
etc. By the construction of B′Y , it belongs to a rational polytope of divisors
P¯ such that for any D ∈ P¯ , KY + D ∼Q 0/Z (this is [BCHM10, Corollary
1.1.5 (2) (3)] with A¯j replaced by P¯). Suppose that D
(s) corresponds to a
vertex of P¯, and assume KY + D
(s) ∼Q φ
∗L(s), where L(s) is a divisor on
Z. Take a very ample divisor A on Z such that A− L(s) is ample for each
s. Then for each D ∈ P¯, D =
∑
s a
(s)D(s) with a(s) ≥ 0 and
∑
s a
(s) = 1.
Hence KY + D ∼Q φ
∗(
∑
s a
(s)L(s)), and A − (
∑
s a
(s)L(s)) is still ample.
Now suppose that f : (X,B)→ Z is the Iitaka fibration in the definition of
S(d, ǫ, v,I) with KX +B ∼Q f
∗L. If Z ≃ Zt for some t ∈ T , then B ∼Q Dt
for some D ∈ P¯ . Hence At − L is ample.
Because AdimZt can only achieves finitely many values, we can take r to be
the maximal value. Then for such Z, A = At and r satisfy the requirements
of (4) and (5) in Definition 2.3. Because there are finitely many X ,Y,Z,
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we can choose a uniform r = r(d, ǫ, v,I) ∈ N satisfying the requirements for
each Z.
Finally, because (X,B) ∈ S(d, ǫ, v,I) satisfies the conditions in [Bir18,
Theorem 1.3] (see Theorem 1.4), S(d, ǫ, v,I) is log birationally bounded. 
Corollary 1.7 follows from Corollary 1.5.
Proof of Corollary 1.7. Just as Step 1 in the proof of Theorem 1.3, we can
replace (X,B) by its good minimal model and assume that f : X → Z
is a morphism defined by the semi-ample divisor KX + B. Suppose that
{Ivol(KXi+Bi)}i∈N is a strictly decreasing sequence satisfying properties of
Corollary 1.7. Let v ∈ Q>0 such that Ivol(KXi + Bi) < v for each i. Then
by Corollary 1.5, (Xi, Bi), i ∈ N belong to a bounded family (X ,B)→ T .
By taking an irreducible component of T and the corresponding (X ,B),
we can assume that X ,T are irreducible. Moreover, we can assume that
the points which parametrize (Xi, Bi) are dense in T . Take a log resolution
π : X ′ → X of (X ,B) and set B′ = π−1∗ B + Exc(π). For (Xi, Bi) which is
parametrized by a general point ti ∈ T (i.e. Xi ≃ Xti), set X
′
i = X
′
ti
and
B′i = (π|X ′ti
)−1∗ (Bi) + (1− ǫ)(Exc(π)ti). Then
KX′i +B
′
i = (π|X ′ti
)∗(KXi +Bi) + E
′
i
with E′i ≥ 0 a π|X ′ti
-exceptional divisor. Thus Ivol(KX′i +B
′
i) = Ivol(KXi +
Bi). Moreover, (X
′
i, B
′
i) is ǫ-lc and belongs to a bounded family (X
′,B′)→
T . Replacing (X ,B), (Xi, Bi) by (X
′,B′), (X ′i , B
′
i) respectively, and shrink-
ing T if necessary, we can further assume that (X ,B) is log smooth over T
and T is smooth.
For (Xi, Bi), let B
i be a divisor on X whose components choose the same
coefficients as those of Bi. By [HMX18, Theorem 4.2], for fixed m ∈ N
and any t ∈ T , h0(Xt,m(KXt + (B
i)t)) is invariant. Because I is a DCC
set, we can assume that the coefficient of each component of {Bi}i∈N is
non-decreasing by passing to a subsequence. Moreover, we can assume that
κ(KXi+Bi) ≥ 0 is the same for each i ∈ N. Then, for any t ∈ T , {Ivol(KXt+
(Bi)t)}i∈N is non-decreasing. However, when i < j,
Ivol(KXi +Bi) = Ivol(KXt + (B
i)t) ≤ Ivol(KXt + (B
j)t) = Ivol(KXj +Bj),
which is a contradiction to the strictly decreasing of {Ivol(KXi+Bi)}i∈N. 
Remark 3.6. By the same argument as above, if further assume that I is
a finite set, then {Ivol(KX +B)} is a discrete set.
4. Further discussions
In this section, we explain the relation between Conjecture 1.2 and the
effective adjunction conjecture (see Conjecture 2.6). Along the way, some
lower dimensional cases are established. We also discuss possible variants of
Conjecture 1.2.
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Proposition 4.1. Assuming Conjecture 2.6 and the existence of good min-
imal models, then Conjecture 1.2 and Conjecture 1.6 hold true.
Proof. By the existence of good minimal models, we can assume thatKX+B
is semi-ample with f : X → Z the morphism induced by KX + B. By
the canonical bundle formula, KX + B ∼Q f
∗(KZ + ∆Z +MZ) where ∆Z
belongs to a DCC set which depends only on d and I. For a general fiber
F , KF + B|F ≡ 0 and B|F ∈ I. Hence by global ACC [HMX14, Theorem
D], B|F belongs to a finite set I0 depending on dimF and I. Applying
Conjecture 2.6, there is an m = m(d,I0) ∈ N≥2 such that for the moduli b-
divisorM, mM is a base point free b-divisor. Hence there exists 0 ≤ GZ ≃Q
MZ with GZ ∈ {
k
m
| 1 ≤ k ≤ m− 1, k ∈ Z} such that (Z,∆Z + GZ) is klt.
Notice thatKZ+∆Z+GZ is ample with vol(KZ+∆Z+GZ) = Ivol(KX+B),
and the coefficients of ∆Z+GZ belong to a DCC set depending only on d and
I. Then Conjecture 1.2 follows from [HMX18, Theorem 1.1] and Conjecture
1.6 follows from [HMX14, Theorem 1.3 (1)]. 
Lemma 4.2 ([TX09, Theorem 1.3]). Let f : (X,B) → Z be a klt-trivial
fibration. When the relative dimension of f is two, there is a natural number
m depending only on the coefficients of Bh (i.e. the horizontal part of B),
such that for the moduli b-divisor M, mM is b-Cartier.
Remark 4.3. The dependence only on the coefficients of Bh is not explicitly
stated in [TX09, Theorem 1.3], but it is easily seen from the proof of [TX09,
Theorem 1.3] where m depends only on (F,B|F ) with F a general fiber of f .
Corollary 4.4. Conjecture 1.2 and Conjecture 1.6 hold true when d ≤ 3.
Proof. We only show the d = 3 case as the easier d < 3 case can be obtained
by the same argument. When d = 3, we only need to consider the dimZ =
1, 2 cases.
If dimZ = 2, then the relative dimension is 1, and Conjecture 2.6 holds
true by [PS09, Theorem 8.1]. Hence the claim follows from Proposition 4.1.
If dimZ = 1, under the notation in the proof of Proposition 4.1, degZ KZ ≤
degZ(KZ +∆Z +MZ) = v, hence Z belongs to a bounded family. For Con-
jecture 1.6, by global ACC [HMX14, Theorem D], B|F belongs to a finite
set depending on dimF and I, then by Lemma 4.2, there exists m ∈ N such
that mMZ is nef and Cartier. Thus degZMZ ∈
1
m
Z≥0. Because ∆Z belongs
to a DCC set, Ivol(KX + B) = degZ(KZ + ∆Z +MZ) belongs to a DCC
set. 
It is well known that in Conjecture 1.2, condition (2) cannot be replaced
by Ivol(KX + B) ≤ v. In fact, even when KX + ∆ is ample, we have the
following unbounded family of varieties.
Example 4.5 (c.f. [Ale94, Example 2.15]). Let X be a smooth surface and
∆ = A + B be an snc divisor with reduced irreducible components A and
B such that A ∩ B 6= ∅. Suppose that KX + ∆ is ample. First, choose
0 < a0 < 1 close to 1, and then blow up an intersection point of A ∩B, we
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have a crepant model (X1, a0(A1+B1)+(2a0−1)E), where A1, B1 are strict
transforms of A,B. Choose 0 < ǫ1 ≪ 1, then KX1 +∆1 := KX1 + a0(A1 +
B1)+(2a0−1−ǫ1)E) is ample. The coefficients of ∆1 are in {a0, 2a0−1−ǫ}.
Notice that vol(KX1 +a0(A1+B1)+ (2a0−1− ǫ1)E) ≤ vol(KX +∆). Next,
choose a1 < 1 even more close to 1. First blow up a point of A ∩ B, then
blow up a point of A1 ∩ E, we get a crepant model
(X2, a1(A2 +B2) + (2a1 − 1)E + (3a1 − 2)F ).
Take 0 < ǫ2, ǫ
′
2 ≪ 1 such that
KX2 +∆2 := KX2 + a1(A2 +B2) + (2a1 − 1− ǫ2)E + (3a1 − 2− ǫ
′
2)F
is ample. Its volume is still bounded above by vol(KX+∆). Besides, a1, ǫ2, ǫ
′
2
can be chosen such that min{a1, 2a1−1−ǫ2, 3a1−2−ǫ′2} > max{a0, 2a0−1−
ǫ1}. We can continue this process to construct klt log pairs (Xi,∆i), i ∈ N.
The coefficients of ∆i are in a DCC set and vol(KXi +∆i) ≤ vol(KX +∆),
but {Xi} is unbounded because ρ(Xi) = ρ(X) + i.
However, under the ǫ-lc assumption on the total space (X,B), we propose
the following conjecture.
Conjecture 4.6. Let d ∈ N, ǫ, v ∈ Q>0 be fixed numbers, and I ⊂ [0, 1]∩Q
be a DCC set. Let F(d, ǫ, v,I) be the set of varieties Z satisfying the following
properties:
(1) (X,B) is ǫ-lc with dimX = d, and coefficients of B are in I,
(2) 0 < Ivol(KX +B) < v, and
(3) f : X 99K Z is the Iitaka fibration associated with KX +B, where
Z = Proj⊕∞m=0H
0(X,OX (⌊m(KX +B)⌋)).
Then F(d, ǫ, v,I) is a bounded family.
WhenKX+B is big, that is, Ivol(KX+B) = vol(KX+B) > 0, Conjecture
4.6 follows from [HMX14, Theorem 1.3, Theorem 1.6]. Unfortunately, I do
not know whether the conjecture holds true when dimX = 3,dimZ = 2
and Bh = 0. In this case, (Z,BZ) may not be δ-lc for any δ > 0. Hence,
a priori, Z may not be in a bounded family (see Example 4.5). Our main
result (Theorem 1.3) is about Conjecture 4.6 under the assumption that
−KX is big over Z. Under this extra condition, (Z,BZ) is δ-lc for some
δ = δ(ǫ, d,I) > 0 (see [Bir18, Theorem 1.9]).
Remark 4.7. As mentioned above, it is desirable to obtain the boundedness
of the bases regardless of the fibers. From this perspective, we can even ask
whether Z belongs to a bounded family under the assumption that dimZ is
fixed in Conjecture 1.2 and Conjecture 4.6 (i.e. dimX can be arbitrarily
large).
Besides, in Conjecture 1.2 and Conjecture 4.6, one can consider R-divisors
instead of Q-divisors. In this scenario, Z should be replaced by the ample
model of (X,B). For Conjecture 1.6, one can also require that (X,B) to
24 ZHAN LI
be lc with real coefficients. We leave the formulations of the respective
conjectures to the interested reader.
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